Abstract. The aim of this paper is to establish a strong convergence theorem for a strongly nonexpansive sequence in a Banach space. We also deal with some applications of the convergence theorem.
Introduction
The aim of the present paper is to study convergence of an iterative sequence {x n } generated by the following algorithm: x 1 ∈ C and (1.1)
x n+1 = α n u + (1 − α n )S n x n for each positive integer n, where C is a closed convex subset of a Banach space E, u is a point in C, {α n } is a sequence in (0, 1], {S n } is a sequence of self-mappings of C with a common fixed point. In particular, we prove that the sequence {x n } converges strongly to a common fixed point of {S n } under suitable conditions. One of the features of our main results is that the parameter {α n } in (1.1) is only assumed to satisfy the following conditions: lim n→∞ α n = 0 and ∞ n=1 α n = ∞. This paper is organized as follows: In Section 2, we recall some definitions and known results and we also provide some lemmas related to eventually increasing functions, which play important roles in the proof of our main results. In Section 3, we present our main result (Theorem 3.1) and its corollaries (Corollaries 3.4 and 3.6). Corollary 3.4 is a generalization of [25, Theorem 10] . In the final section, we apply our main results to the common fixed point problem for a sequence of nonexpansive mappings and the zero point problem for an accretive operator in a Banach space. Moreover, we also investigate convergence of a sequence {y n } defined by y 1 ∈ C and y n+1 = α n f n (y n ) + (1 − α n )S n y n for n, where C, {α n }, and {S n } are the same as above and {f n } is a sequence of contraction-like self-mappings of C.
Preliminaries
Throughout the present paper, E denotes a real Banach space with norm · , E * the dual of E, x, f the value of f ∈ E * at x ∈ E, N the set of positive integers, and R the set of real numbers. The norm of E * is also denoted by · . Strong convergence of a sequence {x n } in E to x ∈ E is denoted by x n → x.
The (normalized) duality mapping of E is denoted by J, that is, it is a set-valued mapping of E into E * defined by Jx = f ∈ E * : x, f = x 2 = f 2 for x ∈ E. It is known that (2.1)
x + y 2 ≤ x 2 + 2 y, f holds for all x, y ∈ E and f ∈ J(x + y); see [27, Theorem 4.2.1].
Let U E denote the unit sphere of E, that is, U E = {x ∈ E : x = 1}. The norm of E is said to be Gâteaux differentiable if the limit (2.2) lim t→0
x + ty − x t exists for all x, y ∈ U E ; the norm of E is said to be uniformly Gâteaux differentiable if for each y ∈ U E the limit (2.2) is attained uniformly for x ∈ U E . We know that the duality mapping J is single-valued if the norm of E is Gâteaux differentiable; J is uniformly norm-to-weak* continuous on each bounded subset of E if the norm of E is uniformly Gâteaux differentiable. A Banach space E is said to be strictly convex if x, y ∈ U E and x = y imply x + y < 2; E is said to be uniformly convex if for any ǫ > 0 there exists δ > 0 such that x, y ∈ U E and x − y ≥ ǫ imply x + y /2 ≤ 1 − δ. It is known that E is reflexive if E is uniformly convex; see [27] for more details. We know the following lemma; see [8, Lemma 2.1].
Lemma 2.1. Let {x n } and {y n } be bounded sequences in a uniformly convex Banach space E and {λ n } a sequence in
Let C be a nonempty subset of E and T : C → E a mapping. The set of fixed points of T is denoted by F(T ). A mapping T is said to be nonexpansive if T x − T y ≤ x − y for all x, y ∈ C; T is said to be strongly nonexpansive [12] if T is nonexpansive and x n − y n − (T x n − T y n ) → 0 whenever {x n } and {y n } are sequences in C, {x n − y n } is bounded, and x n − y n − T x n − T y n → 0.
We know the following lemma; see [10, Lemma 2.9]:
Lemma 2.2. Let E be a Banach space whose norm is uniformly Gâteaux differentiable, C a nonempty closed convex subset of E, T a nonexpansive self-mapping of C, {x n } a bounded sequence in C, u a point in C, and z t a unique point in C such that z t = tu + (1 − t)T z t for t ∈ (0, 1). Suppose that x n − T x n → 0 as n → ∞ and z t → w as t ↓ 0. Then lim sup n→∞ u − w, J(x n − w) ≤ 0.
A Banach space E is said to have the fixed point property for nonexpansive mappings if every nonexpansive self-mapping of a bounded closed convex subset D of E has a fixed point in D.
Let C be a nonempty subset of E, K a nonempty subset of C, and Q a mapping of C onto K. Then Q is said to be a retraction if Qx = x for all x ∈ K; Q is said to be sunny if Q Qx + λ(x − Qx) = Qx holds whenever x ∈ C, λ ≥ 0, and Qx + λ(x − Qx) ∈ C; K is said to be a sunny nonexpansive retract of C if there exists a sunny nonexpansive retraction [23] of C onto K; see also [15] .
Using the results in [24] , [29] , and [27] , we obtain the following:
Lemma 2.3. Let E be a reflexive Banach space, C a nonempty closed convex subset of E, and T a nonexpansive self-mapping of C with F(T ) = ∅. Suppose that the norm of E is uniformly Gâteaux differentiable and E has the fixed point property for nonexpansive mappings. Then F(T ) is a sunny nonexpansive retract of C. Moreover, let u and z t be the same as in Lemma 2.2. Then z t → Qu as t ↓ 0, where Q is the unique sunny nonexpansive retraction of C onto F(T ).
Let C be a nonempty subset of E, T : C → E a mapping, and {S n } a sequence of mappings of C into E. The set of common fixed points of {S n } is denoted by F({S n }), that is, F({S n }) = ∞ n=1 F(S n ). Then {S n } is said to be a strongly nonexpansive sequence [3, 7, 8] if each S n is nonexpansive and x n − y n − (S n x n − S n y n ) → 0 whenever {x n } and {y n } are sequences in C, {x n − y n } is bounded, and x n − y n − S n x n − S n y n → 0; {S n } is said to satisfy the NST condition (I) with T [21, 28] if F({S n }) is nonempty, F(T ) ⊂ F({S n }), and x n − T x n → 0 whenever {x n } is a bounded sequence in C and x n − S n x n → 0.
Remark 2.4. Let C, T , and {S n } be the same as above. If {S n } satisfies the NST condition (I) with T , then F(T ) ⊃ F({S n }). Indeed, let z ∈ F({S n }) and set x n = z for n ∈ N. Then it is clear that {x n } is a bounded sequence in C and x n − S n x n = 0 for every n ∈ N, and hence x n − S n x n → 0. Thus z − T z = x n − T x n → 0, which means that z ∈ F(T ).
Example 2.5. Let C be a nonempty subset of E and T : C → E a mapping. Set S n = T for n ∈ N. Then it is clear that if T is strongly nonexpansive, then {S n } is a strongly nonexpansive sequence. Moreover, it is also clear that if F(T ) = ∅, then {S n } satisfies the NST condition (I) with T . . Let C be a nonempty subset of a uniformly convex Banach space E, {V n } a sequence of nonexpansive mappings of C into E, and {γ n } a sequence in [0, 1] such that lim inf n→∞ γ n > 0. Then a sequence {S n } of mappings defined by S n = γ n I + (1 − γ n )V n for n ∈ N is a strongly nonexpansive sequence, where I is the identity mapping on C.
We know the following lemma; see [6, 31] .
Lemma 2.7. Let {ξ n } be a sequence of nonnegative real numbers, {γ n } a sequence of real numbers, and {α n } a sequence in [0, 1] . Suppose that ξ n+1 ≤ (1 − α n )ξ n + α n γ n for every n ∈ N, lim sup n→∞ γ n ≤ 0, and
We use the following lemma in Section 4.
Lemma 2.8. Let E be a Banach space, {y n j } a double sequence in E indexed by (j, n) ∈ N×N, and {λ j } a sequence in [0, 1] . Suppose that sup y n j : (j, n) ∈ N×N is finite, < ǫ/2 for all n ∈ N with n ≥ l and j ∈ {1, . . . , m}. Consequently, we see that
for all n ∈ N with n ≥ l. Therefore, lim n→0 ∞ j=1 λ j y n j = 0. In the rest of this section, we provide some lemmas about an eventually increasing function and a strongly nonexpansive sequence.
A function τ : N → N is said to be eventually increasing [1, 2, 5, 9] or unboundedly increasing [10] if lim n→∞ τ (n) = ∞ and τ (n) ≤ τ (n + 1) for all n ∈ N. It is clear that if τ : N → N is an eventually increasing function and {ξ n } is a sequence of real numbers such that ξ n → 0, then ξ τ (n) → 0.
Using [19, Lemma 3 .1], we obtain the following:
. Let {ξ n } be a sequence of nonnegative real numbers which is not convergent. Then there exist N ∈ N and an eventually increasing function τ :
In Lemma 2.9, we cannot replace the word "eventually" by "strictly"; see [5, Example 3.3] .
Applying Lemma 2.9, we obtain the following lemma, which is used in Section 3.
Lemma 2.10. Let {ξ n } be a sequence of nonnegative real numbers, {α n } a sequence in (0, 1], and {γ n } a sequence of real numbers. Suppose that
Proof. Assume that {ξ n } is not convergent. Then Lemma 2.9 implies that there exist N ∈ N and an eventually increasing function τ :
for all n ∈ N. Hence we deduce from
Therefore, by assumption, we conclude that
which is a contradiction.
The following lemma plays a crucial role in Section 3.
Lemma 2.11. Let E be a Banach space, C a nonempty subset of E, {f n } a sequence of mappings of C into R, {g n } a sequence of mappings of C into [0, ∞), τ : N → N an eventually increasing function, and {z n } a bounded sequence in C.
Suppose that f τ (n) (z n ) → 0, there exits p ∈ C such that f n (p) = 0 for all n ∈ N, and g n (x n ) → 0 whenever {x n } is a bounded sequence in
Proof. Assume that g τ (n) (z n ) → 0. Then there exist ǫ > 0 and a strictly increasing function σ : N → N such that τ • σ is also strictly increasing and
Let {y n } be a sequence in C defined by
, and f n (y n ) = 0 for n / ∈ R(µ). Since σ • µ −1 is strictly increasing, we see that f n (y n ) → 0, and hence g n (y n ) → 0 by assumption. Since µ is strictly increasing, it follows from
which contradicts to (2.3).
Main results
In this section, we prove the following strong convergence theorem and derive its corollaries.
Theorem 3.1. Let E be a reflexive Banach space whose norm is uniformly Gâteaux differentiable, C a nonempty closed convex subset of E, {S n } a sequence of selfmappings of C, T a nonexpansive self-mapping of C, {α n } a sequence in (0, 1], u a point in C, and {x n } a sequence defined by x 1 ∈ C and
Suppose that E has the fixed point property for nonexpansive mappings, α n → 0, ∞ n=1 α n = ∞, {S n } is a strongly nonexpansive sequence, and {S n } satisfies the NST condition (I) with T . Then {x n } converges strongly to Qu, where Q is the sunny nonexpansive retraction of C onto F(T ).
To show Theorem 3.1, we need the lemmas below: Lemma 3.2. Let E be a Banach space, C a nonempty subset of E, τ : N → N an eventually increasing function, and {S n } a sequence of mappings of C into E such that F({S n }) is nonempty. Then the following hold:
(1) If {S n } is a strongly nonexpansive sequence and {z n } is a bounded sequence in C such that
If {S n } satisfies the NST condition (I) with a mapping T : C → E, then so does {S τ (n) }.
Proof. We first show (1). Let f n : C → R and g n : C → [0, ∞) be functions defined by f n (x) = x − p − S n x − p and g n (x) = S n x − x for all x ∈ C and n ∈ N, respectively. Then f τ (n) (z n ) → 0 and f n (p) = 0 for all n ∈ N. Since {S n } is a strongly nonexpansive sequence, it follows that g n (x n ) → 0 whenever {x n } is a bounded sequence in C and f n (x n ) → 0. Therefore Lemma 2.11 implies that
We next show (2). It is clear that F({S n }) ⊂ F(S τ (n) ) for every n ∈ N. Thus F({S n }) ⊂ F {S τ (n) } . Since {S n } satisfies the NST condition (I) with T , we know that F {S n } is nonempty and F(T ) ⊂ F {S n } . Hence F {S τ (n) } is nonempty and F(T ) ⊂ F {S τ (n) } . Let {z n } be a bounded sequence in C such that z n − S τ (n) z n → 0. It is enough to show that z n − T z n → 0. Let f n : C → R and g n : C → [0, ∞) be functions defined by f n (x) = S n x − x and g n (x) = T x − x for all x ∈ C and n ∈ N, respectively. Let p ∈ F({S n }). Then f τ (n) (z n ) → 0 and f n (p) = 0 for all n ∈ N. Since {S n } satisfies the NST condition (I) with T , it follows that g n (x n ) → 0 whenever {x n } is a bounded sequence in C such that f n (x n ) → 0. Therefore Lemma 2.11 implies that z n − T z n = g τ (n) (z n ) → 0.
The proof of Theorem 3.1 is based on the following lemma: Lemma 3.3. Let E be a Banach space whose norm is uniformly Gâteaux differentiable. Let C, {S n }, T , {α n }, u, and {x n } be the same as in Theorem 3.1. Suppose that z t → w ∈ F(T ) as t ↓ 0, where z t is a unique point in C such that z t = tu + (1 − t)T z t for t ∈ (0, 1). Then {x n } converges strongly to w.
Proof. By the assumption that {S n } satisfies the NST condition (I) with T , we see that w ∈ F(S n ) for all n ∈ N. Since S n is nonexpansive, it follows from (3.1) that
for all n ∈ N. Thus, by induction on n, we have
Therefore, {x n } and {S n x n } are bounded. Hence, by the assumption that α n → 0, we see that
We also deduce from (2.1) that
for all n ∈ N. We next show that { x n − w } is convergent by using Lemma 2.10. Let τ : N → N be an eventually increasing function. Suppose that x τ (n) − w ≤ x τ (n)+1 − w for all n ∈ N. Since S τ (n) is nonexpansive, w ∈ F(S τ (n) ), and α τ (n) → 0, it follows from (3.2) that
Since {S n } satisfies the NST condition (I) with T , it follows from Lemma 3.2 that
Since J is uniformly norm-to-weak* continuous on a bounded set and
by (3.3) and (3.5), it turns out that
Thus, by virtue of (3.6) and (3.7), we have
According to (3.4) and (3.8), we conclude from Lemma 2.10 that { x n − w } is convergent. We lastly show that x n → w. Since S n is nonexpansive, w ∈ F(S n ), and { x n − w } is convergent, it follows from (3.2) and α n → 0 that
Thus x n − S n x n → 0 by the assumption that {S n } is a strongly nonexpansive sequence, and hence x n − T x n → 0 by the assumption that {S n } satisfies the NST condition (I) with T . Consequently, Lemma 2.2 shows that lim sup
Taking into account ∞ n=1 α n = ∞ and (3.4), we deduce from Lemma 2.7 that x n − w → 0. This completes the proof.
Proof of Theorem 3.1. Let z t be the same as in Lemma 3.3 for t ∈ (0, 1). Then it follows from Lemma 2.3 that z t → Qu as t ↓ 0. Therefore Lemma 3.3 implies the conclusion.
It is known that if a Banach space E is uniformly convex, then E is reflexive and has the fixed point property for nonexpansive mappings; see [27] . Thus the following corollary is a direct consequence of Theorem 3.1.
Corollary 3.4. Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux differentiable. Let C, {S n }, T , {α n }, u, {x n }, and Q be the same as in Theorem 3.1. Then {x n } converges strongly to Qu. Using Theorem 3.1 and Example 2.5, we obtain the following corollary: Corollary 3.6. Let E, C, {α n }, and u be the same as in Theorem 3.1. Let T be a strongly nonexpansive self-mapping of C and {x n } a sequence defined by x 1 ∈ C and x n+1 = α n u + (1 − α n )T x n for n ∈ N. Suppose that F(T ) is nonempty. Then {x n } converges strongly to Qu, where Q is the sunny nonexpansive retraction of C onto F(T ).
Remark 3.7. Corollary 3.6 is related to [25, Theorem 4 (1) ]. Indeed, it is known that a uniformly smooth Banach space is reflexive and has the fixed point property for nonexpansive mappings, and moreover, the norm is uniformly Gâteaux differentiable; see [14, 27, 30] .
Applications
In this section, we deal with three applications of Theorem 3.1 and Corollary 3.4.
4.1.
Common fixed points of a sequence of nonexpansive mappings. We first address the problem of approximating a common fixed point of a sequence of nonexpansive mappings. Using Corollary 3.4, we obtain the following theorem: Theorem 4.1. Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux differentiable, C a nonempty closed convex subset of E, {T n } a sequence of nonexpansive self-mappings of C, {α n } the same as in Theorem 3.1, {β k n } a double sequence in (0, 1] indexed by n ∈ N and k ∈ {1, . . . , n}, and {γ n } a sequence in (0, 1). Suppose that F({T n }) is nonempty, n k=1 β k n = 1 for all n ∈ N, inf{β k n : n ≥ k} > 0 for all k ∈ N, inf n γ n > 0, and sup n γ n < 1. Let u be a point in C and {x n } a sequence defined by x 1 ∈ C and
for n ∈ N. Then {x n } converges strongly to Qu, where Q is the sunny nonexpansive retraction of C onto F({T n }).
In order to prove Theorem 4.1, we need the lemmas below: Lemma 3] and its proof). Let E be a strictly convex Banach space, C a nonempty closed convex subset of E, {T n } a sequence of nonexpansive mappings of C into E, and {λ n } a sequence in (0, 1). Suppose that F({T n }) is nonempty and ∞ n=1 λ n = 1. Then T = ∞ n=1 λ n T n is well-defined and nonexpansive, and moreover, F({T n }) = F(T ). Lemma 4.3. Let E be a uniformly convex Banach space, C a nonempty closed convex subset of E, {T n } a sequence of nonexpansive mappings of C into E, {β k n } the same as in Theorem 4.1, {λ n } a sequence in (0, 1), and V n a mapping of C into E defined by V n = n k=1 β k n T k for n ∈ N. Suppose that F({T n }) is nonempty and ∞ n=1 λ n = 1. If {x n } is a bounded sequence in C such that x n − V n x n → 0, then lim n→∞ x n − T j x n = 0 for all j ∈ N. Moreover, {V n } satisfies the NST condition (I) with a mapping T : C → E defined by T = ∞ n=1 λ n T n . Proof. Let j ∈ N and z ∈ F({T n }) be fixed. Set N n = {i ∈ N : 1 ≤ i ≤ n, i = j} for n ∈ N. Let U n be a mapping of C into E defined by
for n ∈ N with n > j. Then one can verify that V n = β j n T j + (1 − β j n )U n , U n is nonexpansive, and z = U n z for all n ∈ N with n > j. Since · 2 is convex, both T j and V n are nonexpansive, z = T j z = V n z, {x n } is bounded, and x n − V n x n → 0, it turns out that
as n → ∞. Hence Lemma 2.1 implies that
We next show that {V n } satisfies the NST condition (I) with T . By Lemma 4.2, we know that F(T ) = F({T n }). It is clear from the definition of V n that F({T n }) ⊂ F(V n ) for all n ∈ N. Thus F({T n }) ⊂ F({V n }), and hence F({V n }) is nonempty and F(T ) ⊂ F({V n }). Let {y n } be a bounded sequence in C such that y n − V n y n → 0. Since lim n→∞ y n − T j y n = 0 for all j ∈ N from the earlier part of this proof, it follows from Lemma 2.8 that
as n → ∞. This completes the proof.
Lemma 4.4. Let E be a Banach space, C a nonempty subset of E, {V n } a sequence of mappings of C into E, {γ n } a sequence in R, and {S n } a sequence of mappings of C into E defined by S n = γ n I + (1 − γ n )V n for n ∈ N, where I is the identity mapping on C. Suppose that F({V n }) is nonempty and sup n γ n < 1. If {V n } satisfies the NST condition (I) with a mapping T : C → E, then so does {S n }.
Proof. It is easy to check that F(S n ) = F(V n ) for every n ∈ N. Thus F({S n }) = F({V n }). Since {V n } satisfies the NST condition (I) with T , we know that F({V n }) is nonempty and F(T ) ⊂ F({V n }). Therefore, F({S n }) is nonempty and F(T ) ⊂ F({S n }). Let {x n } be a bounded sequence in C such that x n − S n x n → 0. Taking into account I − S n = (1 − γ n )(I − V n ) and sup n γ n < 1, we deduce that
as n → ∞. Thus x n − V n x n → 0. Since {V n } satisfies the NST condition (I) with T , it follows that x n − T x n → 0. As a result, {S n } satisfies the NST condition (I) with T .
Using Corollary 3.4 and lemmas above, we can prove Theorem 4.1.
Proof of Theorem 4.1. Let T be a mapping defined by T = ∞ n=1 T n /2 n . Then Lemma 4.2 shows that T is nonexpansive and F(T ) = F({T n }). Moreover, it is clear that T is a self-mapping of C.
Let S n and V n be mappings defined by
where I is the identity mapping on C. Then it is obvious that each S n is a self-mapping of C and (3.1) holds for all n ∈ N. Since each T k is nonexpansive and n k=1 β k n = 1, it follows that V n is nonexpansive for every n ∈ N. Thus Example 2.6 implies that {S n } is a strongly nonexpansive sequence. On the other hand, it follows from Lemma 4.3 that {V n } satisfies the NST condition (I) with T . Thus Lemma 4.4 implies that {S n } satisfies the NST condition (I) with T . Consequently, Corollary 3.4 implies that x n → Qu.
4.2.
Zeros of accretive operators. We next consider the problem of finding a zero of an accretive operator in a Banach space and prove a convergence theorem for the problem.
Let A be a set-valued mapping of E into E. The domain of A is denoted by dom(A), the range of A by R(A), and the set of zeros of A by A −1 0, that is, dom(A) = {x ∈ E : Ax = ∅}, R(A) = {Ax : x ∈ dom(A)}, and A −1 0 = {x ∈ dom(A) : 0 ∈ Ax}. We say that A is an accretive operator on E if for x, y ∈ dom(A), u ∈ Ax, and v ∈ Ay there exists j ∈ J(x − y) such that u − v, j ≥ 0.
Let A be an accretive operator on E, I the identity mapping on E, and λ a positive real number. It is known that (I + λA) −1 is a single-valued mapping of R(I + λA) onto dom(A). The mapping (I + λA) −1 is called the resolvent of A and is denoted by J λ . It is also known that F(J λ ) = A −1 0 and A −1 0 is a sunny nonexpansive retract of E under the assumptions of Lemma 2.3; see [27] .
Using Corollary 3.4, we obtain the following theorem; see [6, 11, 16-18, 22, 25, 28 ] for related results. . Let E, C, {α n }, and u be the same as in Corollary 3.4, A an accretive operator on E, and {λ n } a sequence of positive real numbers. Suppose that A −1 0 is nonempty, dom(A) ⊂ C ⊂ R(I + λA) for all λ > 0, and inf n λ n > 0, where dom(A) is the closure of dom(A) and I is the identity mapping on E. Let {x n } be a sequence defined by x 1 ∈ C and
for n ∈ N, where J λn = (I + λ n A) −1 . Then {x n } converges strongly to Qu, where Q is the sunny nonexpansive retraction of C onto A −1 0.
Proof. Taking into account F(J λn ) = A −1 0, we see that F({J λn }) = A −1 0 = ∅. We know that {J λn } is a strongly nonexpansive sequence; see [8, Lemma 2.5] . We also know that {J λn } satisfies the NST condition (I) with J 1 ; see [21, Lemma 3.5] . Therefore Corollary 3.4 implies the conclusion. 4.3. Viscosity approximation method. In the rest of this section, we deal with the viscosity approximation method for strongly nonexpansive sequences. The viscosity approximation method for a single nonexpansive mapping was originally proposed by Moudafi [20] ; see also [2, 4, 9, 26, 28, 32] and references therein.
Let C be a subset of a Banach space E, F a nonempty subset of C, f : C → C a mapping, and θ a real number in [0, 1). Recall that f is said to be a θ-contraction if
for all x, y ∈ C; f is said to be a θ-contraction with respect to F [2, 4] if (4.1) holds for all x ∈ C and y ∈ F . Applying Theorem 3.1, we obtain the following theorem:
Theorem 4.6. Let E, C, {S n }, T , Q, and {α n } be the same as in Theorem 3.1, {f n } a sequence of self-mappings of C, and {y n } a sequence defined by y 1 ∈ C and
for n ∈ N. Suppose that each f n is a θ-contraction with respect to F({S n }) and there exists u ∈ C such that f n (Qu) → u, where θ ∈ [0, 1). Then {y n } converges strongly to Qu.
In order to prove Theorem 4.6, we need the following lemma. The proof is based on the technique developed in [26] ; see also [4] . Lemma 4.7. Let E be a Banach space, C a nonempty closed convex subset of E, F a nonempty sunny nonexpansive retract of C, Q a sunny nonexpansive retraction of C onto F , {S n } a sequence of nonexpansive self-mappings of C, {f n } a sequence of self-mappings of C, u a point in C, {α n } a sequence in [0, 1], {x n } a sequence in C defined by x 1 ∈ C and (3.1) for n ∈ N, and {y n } a sequence in C defined by y 1 ∈ C and (4.2) for n ∈ N. Suppose that ∞ n=1 α n = ∞, each f n is a θ-contraction with respect to F , f n (Qu) → u, and x n → Qu, where θ ∈ [0, 1). Then {y n } converges strongly to Qu.
Proof. Since Qu ∈ F and f n is a θ-contraction with respect to F , we have u − f n (y n ) ≤ u − f n (Qu) + f n (Qu) − f n (y n ) ≤ u − f n (Qu) + θ Qu − y n ≤ u − f n (Qu) + θ Qu − x n + θ x n − y n .
Thus we deduce from the nonexpansiveness of S n that x n+1 − y n+1 ≤ α n u − f n (y n ) + (1 − α n ) x n − y n ≤ 1 − (1 − θ)α n x n − y n + (1 − θ)α n θ Qu − x n + u − f n (Qu) 1 − θ for all n ∈ N. By assumption, we know that ∞ n=1 (1 − θ)α n = ∞, Qu − x n → 0, and u − f n (Qu) → 0. Thus Lemma 2.7 implies that x n − y n → 0, and hence y n → Qu.
Proof of Theorem 4.6. Let {x n } be a sequence defined by x 1 ∈ C and (3.1) for n ∈ N. Then it follows from Theorem 3.1 that {x n } converges strongly to Qu. Thus Lemma 4.7 implies the conclusion.
Using Theorem 4.6, we directly obtain the following two corollaries: Corollary 4.8. Let E, C, {S n }, T , Q, and {α n } be the same as in Theorem 3.1, {u n } a sequence in C, and {y n } a sequence defined by y 1 ∈ C and y n+1 = α n u n + (1 − α n )S n y n for n ∈ N. Suppose that u n → u. Then {y n } converges strongly to Qu.
Proof. Let f n : C → C be a mapping defined by f n (x) = u n for all x ∈ C and n ∈ N. Then it is clear that each f n is a 0-contraction with respect to C and f n (Qu) = u n → u. Therefore Theorem 4.6 implies the conclusion.
Corollary 4.9. Let E, C, {S n }, T , Q, and {α n } be the same as in Theorem 3.1, {f n } a sequence of self-mappings of C, and {y n } a sequence defined by y 1 ∈ C and (4.2) for n ∈ N. Suppose that each f n is a θ-contraction with respect to F({S n }) and {f n (z) : n ∈ N} is a singleton for all z ∈ F({S n }), where θ ∈ [0, 1). Then {y n } converges strongly to w, where w is a unique fixed point of Q • f 1 .
Proof. Since Q • f 1 is a θ-contraction on F({S n }), Q • f 1 has a unique fixed point w ∈ F({S n }). Set u = f 1 (w). By assumption, {f n (w) : n ∈ N} = {u}. Thus we see that f n (Qu) = f n Q f 1 (w) = f n (w) = u for all n ∈ N, and hence f n (Qu) → u. Therefore Theorem 4.6 implies that y n → Qu = Q f 1 (w) = w.
